
ANALYSIS OF CERTAIN THERMODYNAMIC RELATIONSHIPS 

FOR EQUILIBRIUM PHASE TRANSITIONS OF THE FIRST KIND 

V. V. R e v e n k o  UDC 536.763 

Based on the f i rs t  and second laws of thermodynamics ,  given cer tain simplifications,  we de-  
rived integral and theoret ical  equations for phase t ransi t ions,  and these are  applicable to a 
wide range of variat ions in tempera ture  and p ressu re .  

1 .  D e r i v a . t i o n  o f  I n t e g r a l  E q u a t i o n s  t o  E v a l u a t e  

I s o b a r i c -  I s o t h e r m a l  P h a s e  T r a n s i t i o n s  

Let us use an equation of the general  form 

d ( H - - T S )  - - V d P +  3dT -t- 6A = O. (1) 

For  an i s o b a r i c - i s o t h e r m a l  t ransi t ion 

of a single mole of substance i (liquid, solid, or in solution) to the gaseous state ig, Eq. (1) assumes  the 
fo rm 

AH - -  TAS  + A = 0. (3) 

We will demonstra te  that a universal  evaluation of (2) is possible direct ly  f rom this relationship, with- 
out r e sor t  to complex integration - w h i c h  is not always possible in exact t e rms  - o f  the C lapeyron-Claus ius  
differential equations. 

For  the revers ib le  i s o b a r i c - i s o t h e r m a l  p rocess  (2) we will use the Van't Hoff procedure  which, as will 
be shown below, offers g r ea t e r  potential than is general ly  assumed.  

Since the choice of the p re s su res  outside of the vessel  (outside of the Van't Hoff box) is a rb i t r a ry  ac -  
cording to this scheme,  we assume these p re s su res  to be equal to the equilibrium pressu res  of the sub- 
s tances in the vessel ,  thus eliminating the need for additional auxil iary work outside of the vesse l  in the 
case of i sothermal  convers ion of the original p re s su res  of the substance to the equilibrium p re s su re s ,  pr ior  
to the revers ib le  introduction of these mater ia ls  into the vessel ,  and for the conversion of the equilibrium 
p res su res  of the substances to the original p r e s su re s ,  after  they have been revers ib ly  withdrawn f rom the 
vessel .  

With equilibrium prevail ing in the vessel ,  we can assume with an accuracy  to the infinitesimals that 
the equilibrium will not be disturbed in the case of revers ib le  i s o b a r i c - i s o t h e r m a l  introduction of a single 
mole of substance into the vessel ,  nor  by the simultaneous withdrawal f rom the vessel  of a single mole of 
the vapors of this substance.  

Hence we conclude that the pa ramete r s  AH and AS in (3) are  functions exclusively of the equilibrium 
molar  pa ramete r s  HTi and STi of the substance i. 

Having denoted the gaseous state with the subscr ipt  'g," and all other states with the subscr ipt  "k," we 
find that Eq. (3) assumes  the form 

(Hrg-- Hrk) - -  r (STg-- Sr k) + A = 0. (4) 
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For  convenience in studying Eq. (4), we will express  it in t e rms  of the standard pa ramete r s  H ~ and 
S o Ti at the tempera ture  of the process  under consideration, but with a p re s su re  equal to unity. 

We avoid indeterminacy in our analysis as we evaluate the work 6A and A, t reat ing these as specif ical ly 
external work performed in addition to the work to overcome the forces of external p ressure ,  which had 
been taken into considerat ion in the derivation of Eqs. (1), (3), and (4). 

The work 6A and A for p rocess  (2) may be equal to the work required to overcome the forces  of t e r -  
res t r ia l  gravitat ion and the forces of surface tension. 

With a revers ib le  change in tempera ture  and p re s su re  of an individual substance retaining its aggregate 
state and position in space,  we can assume quite accurately  that 6A = 0 and for a single mole of this sub-  
stance we can impart  to Eq. (1) the form 

or  af ter  integration at T = const  

d (Hri - -  TST~) - -  VflPi + Sr~dT = O, (s) 

Hri - -  TSr~ = H~ - -  TS~ + ~ V f lP  i. (6) 
I 

Since the revers ible  withdrawal of the vapors of substance i f rom the vessel  is accomplished by the 
Van't Hoff method through an orif ice with a semipermeable  ba r r i e r ,  the p res su re  of the pure vapors  beyond 
the confines of the vessel  differs infinitesimally f rom the equilibrium vapor p r e s s u r e  Pig in the vessel  at 
the level at which the material  is withdrawn. 

Proceeding f rom the concept of a fugacity factor  y and assuming at T = const,  that Yi = 1 when Pig = 1, 
we find 

ff~gV,dP, = R T  ln(y,P@. (7) 
1 

The revers ib le  introduction into the vessel  of pure liquids and solids is accomplished through an orifice 
without semipermeable  b a r r i e r s ,  and these are positioned at the points of contact between these mater ia ls  
and the walls of the vessel .  

The validity of introducing liquids into the vessel  in this manner ra ises  no doubts; consequently, ac-  
curate to the infinitesimals,  the p re s su re  Pik at which the liquid is revers ib ly  introduced into the vessel  
is equal to the p res su re  of this mater ia l  in the vesse l  at the level of its introduction, i.e., 

1 
P~k = P ~- pgh = P + ~ mgh. (8) 

To prove the validity of the indicated introduction of solids,  we should bear  in mind that sublimation 
occurs  at the surface of the solids and that it may move into the vessel  in the manner  of a piston, matching 
the translat ional  velocity with the rate of "wear" of its surface during the sublimation p rocess .  

The static p re s su re  overcome in this case by the solid is equal to the p re s su re  P of the gas phase in 
the vessel  at the surface of the solid, in which connection, accurate  to the infinitesimals,  we have 

Pik = P. (9) 

Since with a change in p r e s su re  the molar  volume Vik of the liquids and the solids changes only insig-  
nificantly, in many cases  it can be assumed to be constant,  thus yielding 

,iikVidP~ = V i k ( P l k - -  1 ). (10) 
1 

However, for more precise  calculations the pa rame te r  Vik should be t reated in (10) as the integral mean. 

Substituting solutions (6), (7), and (10) into Eq. (4), we find the general  form of the function to calculate 
the equilibrium vapor  p res su re  of the pure liquids and solids: 

Vik 1 o o 1 0 o A 
ln(y,P~g)---~-  (P~k--1):=-~-(STg--STk)--~-~-(HTg--HTk) RT (11) 
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If substance i evaporates in the vesse l  f rom a liquid solution, the revers ib le  introduction of this sub-  
stance into the vessel  is accomplished through the orif ice with the semipermeable  b a r r i e r  made of the same 
solution, but situated beyond the confines of the vesse l .  

When we place the external solution into a cyl indrical  vessel  of great  capacity - fitted out with a piston 
to develop a p r e s su re  difference which ensures  the revers ible  penetration of the substance i through the 
semipermeable  b a r r i e r  - it is easy to prove that in this case the p re s su re  Pik of the substance introduced 
into the evaporation vessel  is also equal, accurate  to the infinitesimals,  to the total p re s su re  of the solution 
in the evaporation vesse l  at the level of entry.  

It follows f rom this sequence of the process  that the pa ramete r s  H T. and STk must be replaced by the 
part ial  molar  pa ramete r s  H T, and S T. , while the pa rame te r  Vik must be replaced by the molar  volume 
of the substance in the solutioKn, in wh~h  connection function (11) assumes the form Vik 

In (yiPig) I - 1 (S~g-- 3~ k) i o -o A = (H~g- Hrk) (12) RT V~k(P~k-- 1) ~ RT t?,T 

The p res su re  Pik in Eqs. (11) and (12) var ies  with a change in the level at which the substances enter  
the vessel ,  but according to the law of the conservat ion of energy,  the choice of this level cannot affect the 
equilibrium vapor p r e s su re  Pig" 

This can be i l lustrated most  c lear ly  by an examination of the evaporation of a pure liquid. For  such a 
liquid, with considerat ion of express ion (8) 

Vik(Pik-- 1) ~ Vik(P--  1) -t- mgh. (13) 

However, the evaporation occurs  at the surface of the liquid, so that as one mole of the liquid r i ses  to that 
surface  f rom the level at which it was introduced, work of opposite sign is performed,  i.e. , 

A' = mgh (14) 

as a part  of the total work A. 

Substituting solutions (13) and (14) into (11) proves that the t e rms  mgh cancel each other out, thus 
offering the possibili ty of replacing (9) in (11), if we eliminate work such as (14) f rom the total work A. 

In general  form 

dHT~= aHT(dT + OHTi dpi. 
OT OP~ 

Integrating this express ion separa te ly  for the gaseous and condensed states when HTk = UTk PikVik 
Pik = P, and T = const,  we find evaporation 

Pi g o P 
;~r =(HTk--Hrg)~-- o o __ dP i + ~ - -  dP~ + VIk(P--  (HTk__HTg) ~ OHTg OUrk 1). (15) 

i 1 

If we neglect the effect of the p res su re  on the pa rame te r s  HTk and UTk , formula (15) assumes the form 

~r = (H~ HOg) Jr- Vik(P - -  1). (16) 

These relationships are  more  complete than those obtained by the integration of the C l a p e y r o n - C l a n -  
sins equation, and we can prove this by looking at the differential fo rm 

d (nTg-- TSrg) --  d (HT k -  TSTk ) = 0 (17) 

of Eq. (4) when A = 0. 

From (5) we have 

d (Hzg-- TSrg) = V~P~g--  SzgdT, 

d (Hr k -  TSz k) = V~kdPik-- SzkdT. 

(18) 

(19) 

Substituting (18) and (19) into (17) and, in accordance  with (4) and (16), for  A = 0, making the subst i tu-  
tion 
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Fig. 1. D iagram of the graphic  solution of Eq. (23). 
For  the AB curve  the ordinate  values  exp res s  those 
of the lef t-hand m e m b e r  of (23) for  a change in Pig; 
for  the fami ly  of lines CD the ordinate  values ex-  
p r e s s  the values  of the r ight-hand m e m b e r  of this 
equation for  a change in P. 

: x r  (20) Sr k -  Srg = -~- (Hrk--Hrg) = -~-  

and the subst i tut ion Pik = P, we obtain 

V d _ ~  __ Vi k dP _ )~r (21) 
ig dT dT T 

If the gas phase  involves onIy one component,  
i .e . ,  if P = Pig and A = 0, Eq. (21) changes into the 
Clapeyron - Clausius equation 

dPi8~ _ Xr (22) 
dT T (Vtg-- Vik) 

Hence we draw the conclusion that the conten-  
tion of [1] to the effect  that this equation is absolu te -  
ly exact  is valid only when P = Pig and A = 0. 

Equations (15), (16), (21), and (22) a r e  sui table  
not only for  the evaporat ion and subl imat ion p r o -  
c e s se s  for  pure  subs tances ,  but even for  e v a p o r a -  
tion p r o c e s s e s  involving subs tances  f r o m  solut ions,  
when we rep lace  the p a r a m e t e r s  H~-k,-_ S~ and 
by the p a r a m e t e r s  HTk , STk , and Vik. Vik 

The p r e se nce  of the s tandard p a r a m e t e r s  H~? and S~? in (11) and (12) does not indicate that the t rue  
p roce s s  (2) has been rep laced  by a s tandard  p roce s s ,  because  these  p a r a m e t e r s  appeared  on t rans i t ion f r o m  
the original  equation (4) to Eqs. (11) and (12) as a r e su l t  of the fact that the t rue  p a r a m e t e r s  H T and S T have 
been e x p r e s s e d  in t e r m s  of the s tandard p a r a m e t e r s  which we have adopted. 

General izing the above, we conclude that the use  of the Van't  Hoff scheme to desc r ibe  r e v e r s i b l e  p r o -  
ce s ses  pe rmi t s  us to find quite exact  working integral  equations and is of g rea t  methodological  s ignif icance;  
in pa r t i cu la r ,  it e l iminates  the need for  the introduction of a concept of nonreal  s tandard  p r o c e s s e s .  

I I .  I n v e s t i g a t i n g  t h e  C o n d i t i o n s  o f  C o m p l e t e  G a s i f i c a t i o n  f o r  

R e a l  S u b s t a n c e s  a n d  t h e  F e a t u r e s  I n v o l v e d  in  T h e i r  

E v a p o r a t i o n  a n d  S u b l i m a t i o n  w h e n  a P l a n e  B o u n d a r y  o f  

S e p a r a t i o n  E x i s t s  b e t w e e n  T h e s e  a n d  t h e  G a s  P h a s e  

Assuming Pik = P, according to the proved absence  of any effect  on the pa r t  of the choice of the level 
at which the subs tances  a re  introduced into the ves se l  as r ega rd s  the final solut ions,  in the case  of A = 0, 
we impar t  to Eq. (11) the fo rm 

1 I o o 1 o o 
tn.(YiP@ = -RT Vik(P--1) + R-- (Srg--Srk) RT (Hrg--Hrk). (23) 

The condition that the subs tance  is s table  only in the gaseous  s ta te ,  in pa r t i cu l a r  the condition of liquid 
boiling, is governed by the inequality 

P ig~  P. 

F r o m  the graphic  soIution of Eq. (23) for  P = Pi and T = eonst,  shown in Fig. 1, it follows that in ac -  g 
cordanee  with the points M, N, and E at which the l ines AB and CD are  in te rsec ted ,  we have the possibi l i ty  
of th ree  rea l  roots  PM, PN, and PE, and the rea l i ty  of these  must  be ver i f ied  for  each specif ic  subs tance .  

Init ial ly the line AB for  Ti ~ 1 has the shape of a logar i thmic  curve ,  and then, in the h i g h - p r e s s u r e  
region,  with 3'i > 1, it devia tes  upward f r o m  this curve .  

The l ines CD, CiD1, C2Da, and C3Da, r e spec t ive ly ,  have been plotted for  the t e m p e r a t u r e s  T, Ti, T2, 
and T3, shown conditionally a s  s t ra igh t  lines for  Vik = const ,  but in actuali ty,  as the p a r a m e t e r  Vik d imin -  
ishes with a r i se  in p r e s s u r e ,  they deviate sl ightly downward f r o m  the s t ra igh t  l ines .  
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The p re s su re  range f rom zero to PM corresponds  tothe stable existence of the substance only in the 
gaseous state,  because in this interval Eq. (23) is valid only when Pig > P. 

In the range f rom PM to PN Eq. (23) is valid only when Pig < P; consequently, the equilibrium exis-  
tence of the substance in the gaseous and liquid form,  or in solid form,  if we consider  sublimation, c o r r e -  
sponds to this interval.  

The existence of substances exclusively in the gaseous fo rm corresponds  to the p re s su re  range f rom 
PN to PE, because in this interval Pig > P. 

In the p re s su re  range f rom PE and higher  we always find Pig< P, consequently, it is again possible 
for the substances to exist in equil ibrium in the gaseous and liquid form,  or  in solid form in the case of 
sublimation. 

It follows f rom this analysis that it is possible when T = const to achieve the boiling of the liquid in 
two ways: by dropping the p re s su re  below PM and by ra is ing the p ressu re  above PN, however,  the lat ter  
method is of little effect because of the slight differences between the proper t ies  of the liquid and the gas 
at very  high p r e s s u r e s .  

For  sublimation this feature is most  significant, since when Pig > p the solid mater ia ls  may lose 
s trength in the h igh-p ressu re  region. 

These conclusions are  not completely valid for any tempera ture .  For example, for  T 2 the line CzD 2 
has a single point E 2 of intersect ion with the curve AB, which indicates some possibil i ty for the transi t ion 
of the gaseous state into a liquid state,  or  di rect ly  into the solid state,  but only at a ve ry  high p ressu re .  At 
a t empera tu re  T 1 the line C1D 1 also has only a single point. However, with a drop in tempera ture  the r ise  
in the line is increased in associat ion with the increase  in the f i rs t  t e rm of the r ight-hand member  in Eq. 
(23); consequently, for a ve ry  low tempera tu re  T 3 (the line C3D3) the state of the substance will again be 
determined by three points M3, N3, and E3, of which only point N 3 is shown in Fig. 1. 

If we are  dealing with a solid substance,  its t ransi t ion to the gaseous state in the interval between the 
points N 3 and E 3 may be explosive in nature and, in all probability,  this is the maturer in which the conditions 
are  produced that lead to the destruct ion of cooling s ta r s  and their  satel l i tes when great  p r e s su re s  and low 
tempera tures  develop within their  pores .  

With a moderate  p r e s su re  in the interval P M - P N  we can assume that 7i ~ 1, consequently, if the gas 
phase consists  exclusively of the vapors  of the substance,  i.e., P = Pin, for T const the equilibrium vapor 

0 0 p re s su re  Pig remains  constant because of the constancy of the standard pa ramete r s  S T and H T in Eq. (23). 

In the region of p r e s s u r e s  exceeding PE, we can no longer neglect  the change in ~i and with a r i se  in 
p r e s su re  for T = const an increase  in Pig is ent irely possible.  

If Pig < P, i.e., if in addition to the vapors of the substance the gas phase contains other components,  
according to Eq. (23) the increase  in P i -  for T = eonst will be found to occur  with a r i se  in the total p r e s -  g 
sure  P not only in the region P > PE, but also in the range P M - P  N of moderate p r e s s u r e s .  

For  Pig < p the concept of a cr i t ical  p r e s s u r e  and a cr i t ical  t empera ture  as the only ones for which 
A T = 0 loses meaning, because the possibil i ty of an isothermal  increase  in the pa rame te r  Pig with growth 
in the pa rame te r  P indicates there  exists a unique cr i t ical  p r e s su re  for each tempera ture ,  which follows 
f rom Eq. (15) for hT = 0. 

As follows f rom Eq. (21), the condition kT = 0 is not a universal  indicator of an absence of difference 
between the liquid and gas state of a real substance,  because when Pig < P and ;k T = 0 the molar  volumes 
of the liquid and its vapors  are not identical. Hence we conclude that when Pig < p the condition ;k T = 0 in- 
dicates the possibil i ty of a change in sign for the pa r ame te r  kT with a fur ther  r ise  in the presence  of the 
sys tem.  

Turning to an evaluation of the evaporation of the substances f rom liquid solutions, we note that unlike 
the pa ramete r s  S~? and S~? which are  exclusive functions of t empera ture ,  the part ial  molar  pa ramete r s  H~F 
and go T are  functions of the t empera tu re  and the concentrat ion of the solution, in connection with which the 
binomial 

1 ~o k 1 H~k (24) 
R RT 
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in Eq. (12) for T = const is a variable quantity, and we know that it increases  with reduction in the concen-  
trat ion of the solution. 

While Pig < Pi k = p and at the initial instant Vik << Vig, the left-hand member  of Eq. (12) initially in- 

c reases  with a r ise  in P for T eonst, subsequently diminishing. When H ~ 0 Tg and = const this initially = STg 

leads to a reduction in the binomial of (24); consequently, it leads to an increase  in the concentration of the 
substance in the solution, i.e., to an increase  in the solubility of the substance, and then to an increase in 
the binomial of (24), and consequently, to a reduction in the concentration of the substance in the solution, 
Joe., to a reduction in the solubility of the substance. 

In view of the comparat ive smallness  of the molar  volume Vik , the limit p r e s su re  is large - and the 
solubility of the substance begins to diminish when this limit p re s su re  is exceeded; however,  when Pig << p 
it diminishes substantially, which can be seen f rom the left-hand member  of (12). 

I I I .  E x a m i n i n g  t h e  P r o c e s s e s  o f  E v a p o r a t i o n  in t h e  C a s e  

o f  a D i s t o r t e d  L i q u i d  S u r f a c e  

Let us initially examine the evaporation of a liquid in capi l lar ies .  

We accomplish the revers ib le  i s o b a r i c - i s o t h e r m a l  completion of this p rocess  by introducing one mole 
of liquid into the broad portion of the vessel  at a depth h and by simultaneously withdrawing one mole of the 
vapors  of the liquid at the level of its meniscus in the capi l lary with a vapor p r e s su re  P] tg ~ 

If the liquid in the capi l lary is at a height ~hcr with respect  to its level in the wide portion of the v e s -  
sel, during the evaporation of one mole of the liquid the work 

m = m g  (h + ho) (25) 

is per formed in lifting the liquid f rom the level at which it was introduced to the meniscus in the capil lary.  

With a spherical  meniscus,  the following relationship is valid: 

h~- -  2o - -  2(~V~k (26) 
r~,o rgm 

Assuming the p res su re  of the gas phase at the liquid surface in the wide portion of the vessel  to be 
equal to P and having substituted the values of (8), (25), and (26) into (11), we find 

0 0 l 2oVik 1 Vik(P - -  1) + ~ (Srg-- ST k) 0 0 (Hrg-- Hr k) -T- (27) In (y~P~g) = R T  R R T  rRT 

Subtracting (23) - found for a horizontal  liquid surface  - f rom (27) we obtain the Thomson equation 

R T  In ~ = z 2aVi~ k (28) 
Pig ' r 

The result ing change in the vapor  p res su re  P! lg for the liquid in the capi l lary in compar ison with the vapor 

p res su re  Pig on the open horizontal  liquid surface was made direct ly  dependent on the sign of the surface 
curvature ,  ~vithout considerat ion of the forces generating the distortion. 

To refine the possibil i t ies of such generalization,  let us consider  the evaporation of a liquid drop, 
assuming,  for  purposes of simplifying the analysis ,  that in the evaporation vessel  we find only a single 
spherical  drop, in thermodynamic equilibrium with the gas phase. 

In this case,  we achieve a revers ib le  i s o b a r i c - i s o t h e r m a l  process  (2) by drawing in f rom without 
one mole of liquid into the drop by means of a thin tube, and by simultaneously withdrawing f rom the vesse l  
one mole of the liquid vapors ,  using the method described ear l ie r .  

Proceeding from Laplace ' s  conclusion regarding the compress ive  effect of a convex film of liquid, we 
assume 

p ik= p_~ 2~ .  (29) 
r 
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Subs t i t u t i ng  (29) into (11) and a s s u m i n g  A = 0, s i n c e  fo r  th i s  p r o c e s s ,  a c c o r d i n g  to the s c h e m e  e m -  
p loyed ,  the d i m e n s i o n s  of the  d rop  and i t s  p o s i t i o n  in the  v e s s e l  r e m a i n  unchanged ,  we d e r i v e  (27), i . e . ,  we 
p r o v e  the  v a l i d i t y  of th i s  g e n e r a l i z a t i o n  fo r  the  convex  l iqu id  s u r f a c e .  

In s tudy ing  the e v a p o r a t i o n  of a l iqu id  wi th  a convex  s u r f a c e  ou t s i de  of the  c a p i l l a r y  we e x a m i n e  the  
s p h e r i c a l  gas  bubb le  i n s ide  the  l iqu id .  

H e r e  we a c h i e v e  a r e v e r s i b l e  i s o b a r i c - i s o t h e r m a l  p r o c e s s  (2) by  us ing  a th in  tube  to w i t h d r a w  one 
mo le  of l iqu id  v a p o r s  f r o m  the  bubb le  beyond  the  conf ines  of the  v e s s e l ,  whi le  s i m u l t a n e o u s l y  i n t r o d u c i n g  
into the  v e s s e l  - at  . s o m e  d i s t a n c e  f r o m  the  bubb le  - one m o l e  of the  l iqu id  t h rough  the  o r i f i c e  in the  v e s s e l  
w a l l , w h i c h  is a t  the  s a m e  depth  h at  which  the bubb le  is s i t u a t e d .  

If the  bubb le  r e p r e s e n t s  the  only gas  p h a s e  in the  c l o s e d  v e s s e l  f i l l ed  wi th  a l iqu id ,  i t  is  qui te  obvious  
tha t  in ach i ev ing  th i s  p r o c e s s  a c c o r d i n g  to the  s c h e m e  e m p l o y e d  the d i m e n s i o n s  of the  bubble  wi l l  not  change  
and g iven  a c o n s t a n t  p o s i t i o n  of the  bubb le  in the  l iquid  we have  A = 0. 

When  A = 0, s u b s t i t u t i o n  of (8) into (11) y i e l d s  

1 V , k ( P _ l ) +  m g h  , 1 o o I 
In (yiP,g) = ~ -  - ~  -i- --R- ( S r g - -  STk) R T  (H~g-- H~ (30) 

S ince  the  p a r a m e t e r  �9 in (30) is  an e x c l u s i v e  funct ion  of the  conven t iona l  s t a t i c  l iqu id  p r e s s u r e ,  and P~g 

fo r  h ~ 0 th i s  equa t ion  changes  into (23), we d r a w  the c o n c l u s i o n  tha t  the  c a p i l l a r y  p r e s s u r e  has  no e f fec t  on 
the  P i g  of the  gas  in a bubb le  s u r r o u n d e d  by  t h e  l iqu id .  

The t h e r m o d y n a m i c  me thod  of t he  r e f e r e n c e  s o l u t i o n  r e q u i r e s  no e x a m i n a t i o n  of the  i n t e r m e d i a t e  
s t a g e s  of the  p r o c e s s ,  but  s i n c e  th i s  r e s u l t  does  not  a g r e e  wi th  c u r r e n t  op in ions ,  we find a need  fo r  a c r i t i c a l  
e v a l u a t i o n  of the  p r o o f  tha t  the  c a p i l l a r y  p r e s s u r e  i n f luences  the  p r e s s u r e  in the  gas  bubb le ,  as  fo l lows  f r o m  
the equa t ion  

o d F  = PdV.  (31) 

Subs t i t u t ing  the  v a l u e s  of F = 4~r  2 and V = (4/3)7rr 3 into th i s  equa t ion ,  we obta in  P = 2 ~ / r .  

H o w e v e r ,  Eq.  (31) s e r v e s  only  as  a b a l a n c e  to  the  w o r k  p e r f o r m e d  in expand ing  the  bubb le ,  r a t h e r  than  
as  a b a l a n c e  to the  t o t a l  e n e r g y  and,  t h e r e f o r e ,  the  v a l i d i t y  of app ly ing  th i s  equa t ion  to a bubble  s u r r o u n d e d  
by  a l iqu id  is  c a s t  in doubt .  

The need  for  the  t o t a l  e n e r g y  b a l a n c e  in th i s  c a s e  is  c l e a r  if  we t ake  into c o n s i d e r a t i o n  tha t  the  f i lm,  
as  i t  s t r e t c h e s  out,  does  not  b e c o m e  t h i n n e r  as  the  bubb le  e x p a n d s ,  but  r a t h e r  m a i n t a i n s  i t s  t h i c k n e s s ,  which  
is  equa l  to  the  r a d i u s  of the  s p h e r e  of m o l e c u l a r  a t t r a c t i o n ,  in c onne c t i on  with  which  - g iven  an i n c r e a s e  in 
the  bubb le  s u r f a c e  - t h e  s u r f a c e - t e n s i o n  l a y e r  m u s t  be  r e p l e n i s h e d  with  new l iqu id  m o l e c u l e s  which ,  on e n -  
t e r i n g  tha t  s u r f a c e ,  s i g n i f i c a n t l y  a l t e r  t h e i r  t h e r m o d y n a m i c  s t a t e .  

The e x p e r i m e n t a l  da t a  on i n c r e a s i n g  the p r e s s u r e  in a soap  bubb le  as  i t s  d i m e n s i o n s  d i m i n i s h ,  and 
the  e x p e r i m e n t s  which  have  b e e n  p e r f o r m e d  in connec t ion  wi th  the i n t r o d u c t i o n  of gas  bubb le s  into a l iqu id  
t h rough  a tube - c o n f i r m i n g  the i n c r e a s e  i n  the  p r e s s u r e  of the  i n t r o d u c e d  gas  wi th  a r e d u c t i o n  in bubb le  
s i z e  - cannot  be  r e g a r d e d  as  n e g a t i n g  the  v a l i d i t y  of o u r  c o n c l u s i o n  to the  e f fec t  tha t  c a p i l l a r y  p r e s s u r e  
does  not  a f fec t  the p r e s s u r e  of the gas  in a bubb le  s u r r o u n d e d  by  a l iqu id .  

A s o a p - b u b b l e  f i l m  exh ib i t s  b i l a t e r a l  s u r f a c e  t e n s i o n ,  in connec t ion  wi th  which  the r i s e  in the  p r e s s u r e  
of the  gas  wi th in  the  bubb le  can  be  e x p l a i n e d  e x c l u s i v e l y  by  the  c o m p r e s s i v e  e f fec t  of the  e x t e r n a l  convex  
s u r f a c e - t e n s i o n  l a y e r ;  h o w e v e r ,  in add i t i on  to t h i s ,  we can  a g r e e  tha t ,  on the  whole ,  fo r  such  a f i l m  e x p r e s -  
s i on  (31) is  v a l i d  to s o m e  ex ten t ,  s i n c e  the  f i l m  b e c o m e s  t h i n n e r  as  i t  s t r e t c h e s  out,  t h e r e  be ing  no r e p l e n -  
i s h m e n t  of new l iquid  m o l e c u l e s .  

The r i s e  in the  p r e s s u r e  wi th  a r e d u c t i o n  in the  d i m e n s i o n s  of the  bubble  i n t r o d u c e d  into the  l iqu id  
t h rough  a tube  is  no t  n e e d e d  to p r o d u c e  a high p r e s s u r e  wi th in  the  bubb le  i t s e l f ,  but  to o v e r c o m e  the  c a p i l -  
l a r y  f o r c e s  in the  tube ,  which  i n c r e a s e  as  the  tube d i a m e t e r  d i m i n i s h e s .  

The  c i t ed  e x a m p l e s  a r e  s u f f i c i e n t l y  co nv inc ing  p r o o f  of  the  advan t age  of the  p r o p o s e d  equa t ions  r e l a -  
t i ve  to the  conven t iona l  equa t ions  of t h e r m o d y n a m i c s .  

N O T A T I O N  

A deno tes  the  f in i t e  change  of the  p a r a m e t e r ;  
H, S a r e ,  r e s p e c t i v e l y ,  the  en tha lpy  and e n t r o p y  of the  s y s t e m  u n d e r  c o n s i d e r a t i o n ;  

191 



V 
A 

T 
R 
P 

Pig 

Pi k 

vi 
Vi 
m 
P 
g 

UT 
)t T 
H T, S T 

- -  - -0  - -0  
H T, S T , H T, S T 

r 

F 
h 
h~ 
O" 

is its total volume; 
is the external work per formed by the system,  in addition to the usual work to overcome 
the p re s su re  forces;  
is the absolute tempera ture ;  
is the universal  gas constant; 
is the total p r e s su re  of the gas phase at the surface of the material ;  
is the equilibrium vapor p res su re  of the substance; 
is the fugacity factor; 
is the total p re s su re  in the evaporation vessel  at the level at which the liquid and solid 
substances,  and the substances in solution, are introduced into the vessel ;  
Ls the molar  volume of the pure substance; 
is the molar  volume of the substance in solution; 
is the molar  mass of the substance; 
~s its density; 
~s the accelera t ion of the force of gravity;  
~s the molar  internal energy of tile substance; 
~s the molar  latent heat of evaporation; 
are,  respect ively,  its molar  enthalpy and entropy at the tempera ture  and p res su re  of the 
p rocess  under consideration; 
are  the magnitudes of the pa ramete r s  H T and S T at the tempera ture  of the p rocess ,  but 
at standard p re s su re  equal to unity; 
are  the partial  molar  magnitudes for the indicated pa ramete r s  at the actual concentration 
of the substance in the solution; 
is the radius of surface curvature;  
is its area;  
is the ver t ical  distance f rom the subject level to the surface of the liquid in the vessel ;  
is the level of r i se  or  descent of the liquid in the capil lary;  
Ks the coefficient of surface  tension; 

S u b s c r i p t s  

g 
k 

denotes the gaseous state of the substance i; 
denotes the liquid and solid state of the pure substance and the state of the substance in 
solution. 
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